For any integer k > 0, a tree T is k-cordial if there exists a labeling of the vertices of T by Z k , inducing edge-weights as the sum modulo k of the labels on incident vertices to a given edge, which furthermore satisfies the following conditions:
Introduction
All graphs will be finite and simple. For basic graph theoretic notation and definitions, we refer the reader to D. West [11] . For a survey of graph labeling problems and results, see Gallian [5] .
For any tree T and any integer k > 0, a k-cordial labeling of T is a function f : V (T ) → Z k inducing an edge-weighting also denoted by f , defined by f (uv) = f (u) + f (v) (mod k) for any edge (uv) of T , which satisfy the following conditions:
(i) Each label appears on at most one more vertex than any other label. (ii) Each weight appears on at most one more edge than any other edge-weight. In other words, if for any a ∈ Z k we define v a and e a as the number of vertices and edges, respectively, which are labeled a, then the above conditions can be rewritten as Date: October 3, 2019.
The following is consequence of Grace's algorithm: Proposition 2.7. If T is a rooted caterpillar with k vertices (not counting the root) for some positive integer k, longest path P , and root r at distance 1 from an endpoint of P , then T is k-cordial with every weight appearing exactly once.
Proof. We label the vertices of T by drawing the caterpillar as a bipartite graph and applying Grace's algorithm begining by labeling the root 0. Since the root is either the first or last vertex of its part, proceed in Grace's algorithm by labeling the rest of the vertices in the part sequentially. The only repeated label will be zero on the final vertex in the part not containing the root. Since the labeling is sequential, all weights are represented. label multiset: {0 1 , 1 1 , 2 1 , 3 1 , 4 1 , 5 1 , 6 1 } weight multiset: {0 1 , 1 1 , 2 1 , 3 1 , 4 1 , 5 1 , 6 1 } Figure 1 . Rooted Caterpillar as in Proposition 2.9
The following two facts can be easily verified.
Proposition 2.8. Every tree on at most six vertices is a caterpillar. Proposition 2.9. Every tree on at most seven vertices is either a caterpillar or a lobster.
Hovey [8] defined A-cordiality of rooted forests for any abelian group A and studied the particular case when A is cyclic. In all but one instance, we apply his definition for the special case when the rooted forest is a rooted tree. Note that in the following definition, the root set is not considered a subset of the vertex set of the rooted forest. Thus, a rooted forest F of order k has k vertices and a set of roots R that are not the vertices of F and where the size of R is the same as the number of components of F . Definition 2.10. For any integer k > 0, a rooted forest F with vertex set V , edge set E, and root set R is k-cordial if for every labeling g : R → Z k and every ℓ ∈ Z k , there is a function f : V → Z k satisfying (1) |v i − v j | ≤ 1 for all i, j ∈ Z k (2) |e i − e j | ≤ 1 for all i, j ∈ Z k where neither i nor j is ℓ (3) 0 ≤ e ℓ − e i ≤ 2 for all i ∈ Z k Theorem 2.11 (Hovey [8] ). For any k > 0, if all trees and rooted forests with k vertices are k-cordial, then all trees are k-cordial. Lemma 2.12 (Hovey [8] ). If all trees on mk vertices are k-cordial, then so are all trees T with mk ≤ |T | ≤ mk + ⌊ k 2 ⌋ + 1.
Proof. Attaching a leaf to a tree with mk + j vertices allows for k − j labels on the pendant vertex and forbids j − 1 weights on the pendant edge, when j > 0. Such a labeling exists whenever k − j > j − 1. When j = 0 any label is allowed and there is a choice for a weight.
Definition 2.13. For any tree T we say T is split at roots v 1 , . . . , v m if T can be written as a union of a tree T 0 and rooted trees T 1 , . . . , T m , for some positive integer m, with roots v 1 , . . . , v m , so that for any distinct i, j ∈ {0, . . . , m}, Figure 2 . Splitting a Tree
Note that when splitting a tree, one has the choice of placing branches starting at the root, in T 0 or in a rooted tree. Figure 3 . Another Splitting Proposition 2.14. Every tree on at least 5 vertices can be split into a tree and either (i) a rooted tree with five vertices (ii) the rooted tree taken from {T 1,
Proof. Let T be a tree on at least 5 vertices and let P = {v 0 , v 1 , . . . , v p } be a longest path in T . We attempt to split T at v i for i = 1, 2, 3, 4, 5.
Notice that if T cannot be split to a rooted tree with 5 vertices, then for some i, 1 ≤ i ≤ 4, there is a split at v i that produces a rooted tree that has less than 5 vertices, and every split at v i+1 produces a rooted tree with more than 5 vertices. We call such a pair of vertices with indices (i, i + 1) critical, such a split at v i deficient and such a split at v i+1 excessive. We only need consider critical pairs of vertices with indices (2, 3), (3, 4) , and (4, 5) . For the (2, 3) critical pair, it is easy to see that one can produce the rooted trees T 1 and T 2 by splitting at v 2 . For the (3, 4) critical pair, we can produce T 3 and T 4 by splitting at v 3 . For the (4, 5) critical pair, one can produce rooted forest F 1 by splitting at v 4 . Proposition 2.15. Every tree on at least 6 vertices can be split into a tree and either (i) a rooted tree with six vertices (ii) the rooted tree taken from {T 5, T 6, T 7, T 8} (iii) the rooted forest taken from {F 2, F 3, F 4, F 5}
Proof. The argument is similar to that in Proposition 2.14. Let P = {v 0 , . . . , v p } be a longest path of T and consider critical pairs with indices (2, 3), (3, 4) , (4, 5) , and (5, 6 Proof. Again, the argument is similar to that in Proposition 2.14. If P = {v 0 , . . . , v p } is a longest path of T we consider critical pairs with indices (2, 3), (3, 4) , (4, 5) , and (5, 6) . Critical pairs with indicies (2, 3) produce T 9, T 10, T 11, T 12, F 6 or F 7 when splitting at v 3 . Critical pairs with indicies (3, 4) produce T 13, T 14 or one of F 8 − F 23 when splitting at v 4 . Critical pairs with indicies (4, 5) produce F 24 − F 36 when splitting at v 5 . Critical pairs with indicies (5, 6) produce F 37 − F 41 when splitting at v 6 . Note that T 9 − T 14 and F 6 − F 41 are shown in the the Appendix.
Seven-Cordial Trees
Theorem 2.11 implies that for any integer k > 0, if all trees and rooted forests with k vertices are k-cordial, then all trees are k-cordial. This yields a method to check if trees are k-cordial for any integer k. We shorten and simplify this test for the case k = 7.
Theorem 3.1. Every tree is 7-cordial Proof. We induct on the order of any tree T . If |T | ≤ 7 and a catepillar, then by Proposition 2.8 and Theorem 2.5, T is 7-cordial. If T is a lobster, we show below that the single lobster admits a 7-cordial labeling. Next suppose all trees on 7(m − 1) vertices are 7-cordial. By Lemma 2.12 it is enough to show that all trees on 7(m − 1) + 5, 7(m − 1) + 6, and 7m vertices are 7-cordial. Let T be a tree on 7m vertices. We apply Proposition 2.16 and consider case (i). That is, suppose T splits into a tree T 0 on 7(m − 1) vertices and a rooted tree T 1 with root v, on seven vertices not counting the root. We consider the degrees of v in T 1 . If deg(v) = 1, we can apply Lemma 2.1 to "rotate" the labels of T 0 so that the root vertex takes the label 0.
If w is the minority weight of T 0 and T 1 is a caterpillar, we label it by Grace's algorithm with the root neighbor labeled w. If T 1 is a lobster, we only need show that the following trees are 7-cordial:
If deg(v) = 2, we apply Proposition 2.9 and note that we only need to show that the following rooted trees are 7-cordial:
If deg(v) = 3, we apply Proposition 2.9 and notice that we only need to show the following rooted trees 7-cordial:
w.
x. y.
z. aa. bb.
If deg(v) = 4, 5, 6, 7, we apply Proposition 2.9 and notice that we only need to show the following rooted trees 7-cordial:
dd.
ee. f f.
For the representations of the rooted trees a through f f above, we define the level ℓ 0 as the root. For any i > 0, the level ℓ i is defined to be those vertices of distance i from the root, ordered from left to right as in the representation above. Using this notation, we provide a 7-cordial labeling for each rooted tree, so that either every weight appears once or for every weight there is a labeling of each rooted tree with that weight serving as a majority weight. For each case above, our labeling will be on vertices starting with the root and continuing to subsequent levels, from left to right. We end each labeling by listing which weight is in the majority. These labelings can be found in List 1 in the Addendum posted on arXiv [1] .
Suppose T splits into T 0 on 7(m − 1) vertices and one of the above rooted trees T 1 . By the induction hypothesis and Hovey's lemma, we can label T 0 7-cordially with some minority weight w. However, we have shown that no matter the value of w, we can make w a majority weight of T 1 or there is a labeling of T 1 with no majority weight. Pasting T back together with this labeling produces a 7-cordial labeling of T .
Next, we consider case (ii) of Proposition 2.16. We label the rooted trees T 9 − T 14 so that no label or weight appears more than once, and for every label there is a labeling with that label not present. These labelings can be found in List 2 in the Addendum posted on arXiv.
Since T 0 is of order 7m+1, we can label it 7-cordially by the induction hypothesis and Hovey's lemma. This means that no weight on T 0 is in the minority and one label is in the majority. T 2 is then one of the trees on six vertices T 9 − T 14. For the minority label in one of the cordial labelings of the rooted tree T 2 , we choose the majority label of T 0 . Pasting T back together produces a 7-cordial labeling of T .
We now consider case (iii) of Proposition 2.16. We label the rooted forests F 6 − F 41 so that zero appears on the left root and consider all other possible labels on the other root. For each root label pairs, we provide a labeling that either has no majority weight or a set of labelings where each weight is in the majority. Again, pasting T back together with this labeling produces a 7-cordial labeling of T . These labelings can be found in List 3 in the Addendum posted on arXiv.
For trees on 7(m − 1) + 6 verticies, we argue as in the case of 7m vertices.
If deg(v) = 1, we can apply Lemma 2.1 to "rotate" the labels of T 0 so that the root vertex takes the label 0. If w is the minority weight of T 0 , we label the caterpillar T 1 by Grace's algorithm with the root neighbor labeled w.
If deg(v) = 2, we apply Proposition 2.9 and notice that we only need to show the following rooted trees 7-cordial:
hh.
ii.
jj. kk.
mm.
If deg(v) = 4, 5, 6, we apply Proposition 2.9 and notice that we only need to show the following rooted tree 7-cordial:
nn.
For each of the above rooted trees gg to nn, we produce two 7-cordial labelings with no repeated vertex label and one minority weights, which will be different in the two labelings. If a minority weight of T 0 is the minority weights in one of the labelings of T 1 , then we use the other.
If the minority weight of T 0 is the minority of neither of the two labelings of T 1 , we use either. We follow the notation in the labelings of the previous cases. These descriptions can be found in List 4 in the Addendum posted on arXiv.
Suppose T splits into T 0 on 7(m − 1) vertices and one of the above rooted trees T 1 . By induction, we can label T 0 7-cordially with some minority weight w. However, we have shown that no matter the value of w, we can create a labeling of T 1 with no repeated label and w is not a minority weight. Pasting T back together with this labeling produces a 7-cordial labeling of T .
Next, we consider case (ii) of Proposition 2.15. We label the rooted trees T 5, T 6, T 7, T 8 so that no label or weight appears more than once, and for every label there is a labeling with that label not present. These labelings can be found in List 5 in the Addendum posted on arXiv.
Since T 0 is of order 7m+1, we can label it 7-cordially by the induction hypothesis and Hovey's lemma. This means that no weight on T 0 is in the minority and one label is in the majority. For the minority label in one of the cordial labelings of the rooted tree T 1 , we choose the majority label of T 0 . Pasting T back together produces a 7-cordial labeling of T .
We now consider case (iii) of Proposition 2.15 where T splits into T 0 on 7m verticies and a forest, F , that is one of F 2, F 3, F 4, or F 5. We label F so that zero appears on the left root and consider all other possible labels on the other root. For each of these root label pairs we produce two 7-cordial labelings with no repeated vertex label and one weight in the minority, which will be different in the two labelings. If a minority weight of T 0 is one of the minority weights in one of the labelings of F , then we use the other. If the minority weight of T 0 is neither of the two minority weights in the labelings of F , we use either labeling. We follow the notation in the labelings of the previous cases. These labelings can be found in List 6 in the Addendum posted on arXiv.
For trees on 7(m − 1) + 5 vertices, we again argue as in the cases with 7(m − 1) + 6 and 7(m − 1) + 7 vertices.
If deg(v) = 2, we consider the following trees:
pp. qq.
rr. ss. tt.
If deg(v) = 3, we consider the next two trees:
uu. vv.
If deg(v) = 4 we only need to consider the following tree:
ww.
If deg(v) = 5 we have the following tree:
xx.
For each of the above rooted trees oo to xx, we produce two 7-cordial labelings with no repeated vertex label and two minority weights, which will both be different in the two labelings. If a minority weight of T 0 is one of the two minority weights in the labelings of T 1 , then we use the other. If the minority weight of T 0 is neither of the two minority weights in the labelings of T 1 , we use either labeling. We again follow the notation in the labelings of the previous cases. These descriptions can be found in List 7 in the Addendum posted on arXiv.
Next, we consider case (ii) of Proposition 2.14. We produce three labelings of the rooted trees T 1, T 2, T 3, T 4 so that no weight is repeated, and there are three labels not present. In these 3 distinct labelings, each label is in the minority in at least one of them. These can be found in List 8 in the Addendum posted on arXiv.
Finally, we consider case (iii) of Proposition 2.14. We label F 1 so that zero appears on the left root and consider all other possible labels on the other root. For each of these root label pairs we produce two 7cordial labelings with no repeated vertex label and three weights in the minority, which will be different in the two labelings. If the minority weight of T 0 is one of the minority weights in one of the labelings of F 1, then we use the other. If the minority weight of T 0 is neither of the minority weights in the labelings of F 1, we use either labeling.
We follow the notation in the labelings of the previous cases. These labelings can be found in List 9 in the Addendum posted on arXiv.
Appendix A.
Rooted trees on 6 verticies from (2,3) critical pairs:
Rooted forests on 7 verticies from (2,3) critical pairs:
Rooted trees on 6 verticiesfrom (3, 4) critical pairs:
Rooted forests on 7 vertices from (3, 4) critial pairs:
There are no trees on 6 vertices that arise from the (4, 5) critical pairs. Rooted forests on 7 vertices from (4, 5) critical pairs:
There are no trees on 6 vertices that arise from the (5, 6) critical pairs. Rooted forests on 7 vertices from (5, 6) critical pairs: i. 0, 5, 6, 1, 3, 4, 0, 2; majority weight = 6. j. 0, 2, 1, 3, 5, 6, 0, 4; majority weight = 0. j. 0, 2, 1, 3, 5, 0, 4, 6; majority weight = 1. j. 0, 1, 2, 5, 6, 0, 3, 4; majority weight = 2. j. 0, 1, 3, 5, 6, 0, 2, 4; majority weight = 3. j. 0, 1, 4, 5, 6, 0, 3, 2; majority weight = 4. j. 0, 0, 2, 5, 6, 1, 3, 4; majority weight = 5. j. 0, 2, 6, 3, 5, 0, 4, 1; majority weight = 6.
k. 0, 6, 0, 4, 5, 2, 1, 3; no majority weight. List 2: T 9. 0, 4, 3, 1, 2, 5, 6; minority label = 0. T 9. 0, 6, 0, 2, 3, 4, 5; minority label = 1. T 9. 0, 0, 6, 5, 1, 3, 4; minority label = 2. T 9. 0, 2, 0, 1, 6, 4, 5; minority label = 3. T 9. 0, 0, 5, 2, 3, 1, 6; minority label = 4. T 9. 0, 1, 0, 3, 4, 2, 6; minority label = 5. T 9. 0, 0, 1, 2, 3, 4, 5; minority label = 6. T 11. 0, 1, 4, 2, 5, 6, 3; minority label = 0. T 11. 0, 3, 4, 0, 6, 2, 5; minority label = 1. T 11. 0, 0, 3, 4, 6, 5, 1; minority label = 2. T 11. 0, 1, 4, 0, 5, 6, 2; minority label = 3. T 11. 0, 2, 5, 0, 1, 3, 6; minority label = 4. T 11. 0, 2, 4, 0, 3, 6, 1; minority label = 5. T 11. 0, 0, 3, 4, 2, 5, 1; minority label = 6.
T 12. 0, 5, 4, 1, 2, 3, 6; minority label = 0. T 12. 0, 0, 6, 3, 4, 5, 2; minority label = 1. T 12. 0, 0, 6, 1, 4, 5, 3; minority label = 2. T 12. 0, 0, 6, 1, 2, 5, 4; minority label = 3. T 12. 0, 0, 5, 1, 2, 3, 6; minority label = 4. T 12. 0, 0, 1, 2, 3, 6, 4; minority label = 5. T 12. 0, 0, 5, 2, 3, 4, 1; minority label = 6.
T 13. 0, 1, 5, 3, 4, 2, 6; minority label = 0. T 13. 0, 5, 2, 3, 6, 4, 0; minority label = 1. T 13. 0, 6, 1, 3, 5, 4, 0; minority label = 2. T 13. 0, 6, 4, 2, 5, 1, 0; minority label = 3. T 13. 0, 6, 1, 3, 5, 0, 2; minority label = 4. T 13. 0, 6, 1, 3, 4, 0, 2; minority label = 5. T 13. 0, 1, 5, 3, 4, 2, 0; minority label = 6. List 3: F 6. 0, 0, 0, 2, 3, 4, 5, 6, 1; no majority weight. root pair 0 and 1: F 6. 0, 1, 2, 0, 6, 1, 3, 4, 5; majority weight = 0. F 6. 0, 1, 1, 0, 2, 3, 4, 5, 6; majority weight = 1. F 6. 0, 1, 0, 1, 2, 3, 4, 5, 6; majority weight = 3. F 6. 0, 1, 0, 2, 3, 1, 4, 5, 6; majority weight = 4. F 6. 0, 1, 0, 3, 4, 1, 2, 5, 6; majority weight = 5. F 6. 0, 1, 0, 4, 5, 1, 2, 3, 6; majority weight = 6. F 6. 0, 2, 6, 0, 3, 1, 2, 4, 5; no majority weight. F 6. 0, 3, 2, 0, 1, 3, 4, 5, 6; no majority weight. F 6. 0, 4, 5, 0, 6, 1, 2, 3, 4; no majority weight. root pair 0 and 5: F 6. 0, 5, 3, 0, 2, 1, 4, 5, 6; majority weight = 0. F 6. 0, 5, 1, 4, 6, 0, 2, 3, 5; majority weight = 1. F 6. 0, 5, 0, 4, 6, 1, 2, 3, 5; majority weight = 2. F 6. 0, 5, 6, 0, 5, 1, 2, 3, 4; majority weight = 3. F 6. 0, 5, 0, 1, 6, 2, 3, 4, 5; majority weight = 4. F 6. 0, 5, 0, 5, 6, 1, 2, 3, 4; majority weight = 5. F 6. 0, 5, 0, 1, 3, 2, 4, 5, 6; majority weight = 6. root pair 0 and 2: F 7. 0, 2, 3, 0, 5, 6, 1, 2, 4; majority weight = 0. F 7. 0, 2, 3, 0, 4, 6, 1, 2, 5; majority weight = 1. F 7. 0, 2, 3, 0, 4, 5, 1, 2, 6; majority weight = 2. F 7. 0, 2, 3, 4, 5, 6, 0, 1, 2; majority weight = 3. F 7. 0, 2, 4, 1, 3, 6, 0, 2, 5; majority weight = 4. F 7. 0, 2, 4, 0, 3, 5, 1, 2, 6; majority weight = 5. F 7. 0, 2, 6, 0, 3, 4, 1, 2, 5; majority weight = 6. root pair 0 and 3: F 7. 0, 3, 0, 1, 4, 5, 2, 3, 6; majority weight = 0. F 11. 0, 0, 0, 3, 2, 5, 1, 4, 6; no majority weight. F 11. 0, 1, 3, 4, 5, 6, 0, 1, 2; no majority weight. F 11. 0, 2, 4, 0, 2, 1, 3, 6, 5; no majority weight. F 11. 0, 3, 4, 5, 6, 1, 2, 0, 3; no majority weight. F 11. 0, 4, 1, 2, 3, 4, 5, 0, 6; no majority weight. F 11. 0, 5, 3, 0, 5, 6, 4, 1, 2; no majority weight. F 11. 0, 6, 4, 3, 2, 1, 0, 5, 6; no majority weight. Root pair 0 and 0: F 13. 0, 0, 0, 5, 1, 3, 4, 6, 2; majority weight = 0. F 13. 0, 0, 0, 2, 3, 4, 5, 16, ; majority weight = 1. F 13. 0, 0, 5, 0, 1, 3, 4, 6, 2; majority weight = 2. F 13. 0, 0, 4, 0, 1, 2, 5, 6, 3; majority weight = 3. F 13. 0, 0, 3, 0, 1, 2, 5, 6, 4; majority weight = 4. F 13. 0, 0, 2, 0, 34, 6, 1, 5, ; majority weight = 5. F 13. 0, 0, 1, 0, 2, 3, 4, 5, 6; majority weight = 6.
F 13. 0, 1, 1, 2, 3, 4, 5, 6, 0; no majority weight. F 13. 0, 2, 2, 4, 1, 3, 5, 6, 0; no majority weight. F 13. 0, 3, 1, 0, 3, 4, 5, 6, 2; no majority weight. F 13. 0, 4, 6, 0, 1, 2, 3, 4, 5; no majority weight. F 13. 0, 5, 5, 3, 1, 2, 4, 6, 0; no majority weight. F 13. 0, 6, 6, 5, 1, 2, 3, 4, 0; no majority weight. F 16. 0, 0, 0, 4, 3, 1, 2, 5, 6; no majority weight. F 16. 0, 1, 4, 0, 1, 2, 3, 5, 6; no majority weight. F 16. 0, 2, 6, 1, 2, 3, 4, 0, 5; no majority weight. F 16. 0, 3, 1, 2, 3, 4, 5, 0, 6; no majority weight. F 16. 0, 4, 2, 0, 4, 1, 5, 3, 6; no majority weight. F 16. 0, 5, 3, 2, 1, 0, 6, 4, 5; no majority weight. F 16. 0, 6, 5, 3, 2, 0, 1, 4, 6; no majority weight.
F 17. 0, 0, 5, 2, 0, 1, 6, 3, 4; no majority weight. F 17. 0, 1, 2, 5, 3, 6, 1, 0, 4; no majority weight. F 17. 0, 2, 0, 6, 3, 2, 4, 1, 5; no majority weight. F 17. 0, 3, 5, 6, 0, 2, 3, 1, 4; no majority weight. F 17. 0, 4, 5, 0, 6, 1, 4, 2, 3; no majority weight. root pair 0 and 5: F 17. 0, 5, 5, 0, 6, 3, 2, 4, 1; majority weight = 0. F 17. 0, 5, 1, 0, 3, 5, 4, 2, 6; majority weight = 1. F 17. 0, 5, 0, 6, 4, 3, 2, 1, 5; majority weight = 2. F 17. 0, 5, 2, 3, 5, 6, 4, 0, 1; majority weight = 3. F 17. 0, 5, 5, 0, 6, 1, 4, 2, 3; majority weight = 4. F 17. 0, 5, 5, 0, 3, 1, 4, 2, 6; majority weight = 5. F 17. 0, 5, 0, 2, 1, 3, 6, 4, 5; majority weight = 6.
F 17. 0, 6, 5, 2, 4, 1, 6, 0, 3; no majority weight.
F 18. 0, 0, 3, 1, 6, 4, 2, 5, 0; no majority weight. F 18. 0, 1, 3, 5, 0, 2, 6, 4, 1; no majority weight. F 18. 0, 2, 6, 0, 3, 5, 2, 4, 1; no majority weight. F 18. 0, 3, 0, 6, 5, 4, 3, 1, 2; no majority weight. F 18. 0, 4, 1, 3, 0, 5, 4, 2, 6; no majority weight. F 18. 0, 5, 3, 1, 0, 6, 5, 4, 2; no majority weight. F 18. 0, 6, 5, 3, 4, 1, 2, 0, 6; no majority weight. root pair 0 and 0: F 19. 0, 0, 0, 6, 5, 1, 3, 4, 2; majority weight = 0. F 19. 0, 0, 0, 6, 5, 1, 2, 4, 3; majority weight = 1. F 19. 0, 0, 0, 6, 5, 1, 2, 3, 4; majority weight = 2. F 19. 0, 0, 0, 5, 6, 1, 2, 3, 4; majority weight = 3. F 19. 0, 0, 0, 4, 6, 1, 2, 3, 5; majority weight = 4. F 19. 0, 0, 0, 5, 4, 2, 3, 6, 1; majority weight = 5. F 19. 0, 0, 0, 6, 5, 2, 3, 4, 1; majority weight = 6. F 19. 0, 1, 1, 3, 2, 4, 5, 6, 0; no majority weight. F 19. 0, 2, 1, 0, 4, 2, 6, 5, 3; no majority weight. F 19. 0, 3, 5, 6, 0, 1, 2, 3, 4; no majority weight. F 19. 0, 4, 2, 1, 0, 4, 5, 6, 3; no majority weight. F 19. 0, 5, 6, 2, 0, 3, 4, 5, 1; no majority weight. F 19. 0, 6, 6, 4, 5, 1, 2, 3, 0; no majority weight.
F 20. 0, 0, 3, 0, 2, 4, 5, 6, 1; no majority weight. F 20. 0, 1, 5, 1, 3, 6, 4, 2, 0; no majority weight. F 20. 0, 2, 0, 2, 6, 1, 4, 3, 5; no majority weight. F 20. 0, 3, 3, 0, 6, 5, 2, 4, 1; no majority weight. F 20. 0, 4, 2, 3, 0, 1, 4, 5, 6; no majority weight. F 20. 0, 5, 3, 1, 2, 0, 6, 5, 4; no majority weight. F 20. 0, 6, 5, 4, 1, 0, 3, 6, 2; no majority weight.
F 21. 0, 0, 3, 0, 4, 5, 6, 1, 2; no majority weight. F 21. 0, 1, 4, 3, 6, 1, 5, 0, 2; no majority weight. F 21. 0, 2, 2, 3, 4, 5, 6, 0, 1; no majority weight. F 21. 0, 3, 3, 1, 6, 2, 4, 0, 5; no majority weight. F 21. 0, 4, 4, 3, 1, 2, 5, 0, 6; no majority weight. F 21. 0, 5, 5, 4, 3, 1, 2, 0, 6; no majority weight. root pair 0 and 6: F 21. 0, 6, 6, 5, 4, 1, 2, 0, 3; majority weight = 0. F 21. 0, 6, 2, 3, 0, 5, 6, 1, 4; majority weight = 1. F 21. 0, 6, 6, 0, 4, 2, 3, 1, 5; majority weight = 2. F 21. 0, 6, 2, 3, 4, 5, 6, 1, 0; majority weight = 3. F 21. 0, 6, 6, 4, 1, 3, 5, 0, 2; majority weight = 4. F 21. 0, 6, 6, 5, 4, 2, 3, 1, 0; majority weight = 5. F 21. 0, 6, 2, 3, 5, 4, 6, 1, 0; majority weight = 6.
F 22. 0, 0, , 2, 4, 5, 6, 3, 0, 1; no majority weight. F 22. 0, 1, 3, 0, 1, 2, 4, 5, 6; no majority weight. F 22. 0, 2, 5, 1, 2, 3, 4, 6, 0; no majority weight. F 22. 0, 3, 0, 2, 3, 4, 1, 5, 6; no majority weight. F 22. 0, 4, 2, 3, 4, 5, 6, 1, 0; no majority weight. F 22. 0, 5, 5, 2, 3, 4, 6, 0, 1; no majority weight. F 22. 0, 6, 0, 3, 4, 5, 6, 1, 0; no majority weight.
F 23. 0, 0, 0, 2, 3, 5, 4, 6, 1; no majority weight. F 23. 0, 1, 2, 3, 5, 4, 6, 0, 1; no majority weight. root pair 0 and 2: F 23. 0, 2, 2, 4, 3, 1, 5, 0, 6; majority weight = 0. F 23. 0, 2, 1, 0, 4, 6, 5, 3, 2; majority weight = 1. F 23. 0, 2, 2, 4, 5, 0, 6, 1, 3; majority weight = 2. F 23. 0, 2, 2, 4, 3, 1, 5, 6, 0; majority weight = 3. F 23. 0, 2, 2, 4, 5, 1, 6, 0, 3; majority weight = 4. F 23. 0, 2, 2, 4, 5, 3, 6, 1, 0; majority weight = 5. F 23. 0, 2, 2, 4, 3, 1, 6, 0, 5; majority weight = 6.
F 23. 0, 3, 5, 0, 1, 3, 2, 4, 6; no majority weight. F 23. 0, 4, 2, 0, 5, 4, 6, 3, 1; no majority weight. F 23. 0, 5, 4, 1, 5, 3, 6, 0, 2; no majority weight. F 23. 0, 6, 5, 4, 1, 3, 2, 0, 6; no majority weight.
F 24. 0, 0, 0, 3, 4, 6, 1, 2, 5; no majority weight. F 24. 0, 1, 4, 0, 1, 3, 5, 6, 2; no majority weight. F 24. 0, 2, 4, 6, 1, 3, 5, 0, 2; no majority weight. F 24. 0, 3, 4, 0, 3, 5, 6, 1, 2; no majority weight. F 24. 0, 4, 2, 0, 6, 5, 4, 1, 3; no majority weight. F 24. 0, 5, 3, 1, 6, 4, 2, 0, 5; no majority weight. F 24. 0, 6, 3, 0, 6, 4, 2, 1, 5; no majority weight.
F 25. 0, 0, 3, 1, 2, 5, 6, 0, 4; no majority weight. F 25. 0, 1, 1, 3, 4, 0, 6, 2, 5; no majority weight. F 25. 0, 2, 4, 6, 1, 0, 3, 2, 5; no majority weight. F 25. 0, 3, 0, 1, 3, 4, 5, 6, 2; no majority weight. F 25. 0, 4, 0, 6, 4, 2, 3, 1, 5; no majority weight. F 25. 0, 5, 2, 0, 6, 3, 4, 1, 5; no majority weight. F 25. 0, 6, 6, 4, 3, 0, 1, 5, 2; no majority weight.
F 26. 0, 0, 0, 4, 5, 3, 1, 6, 2; no majority weight. F 26. 0, 1, 2, 4, 3, 6, 0, 1, 5; no majority weight. F 26. 0, 2, 4, 6, 0, 1, 3, 5, 2; no majority weight. F 26. 0, 3, 6, 0, 1, 3, 4, 5, 2; no majority weight. F 26. 0, 4, 1, 0, 6, 4, 3, 2, 5; no majority weight. F 26. 0, 5, 3, 1, 0, 6, 4, 2, 5; no majority weight. F 28. 0, 0, 5, 2, 1, 6, 3, 0, 4; no majority weight. F 28. 0, 1, 6, 2, 3, 5, 1, 4, 0; no majority weight. F 28. 0, 2, 2, 6, 4, 1, 0, 3, 5; no majority weight. F 28. 0, 3, 5, 0, 1, 4, 6, 3, 2; no majority weight. F 28. 0, 4, 2, 0, 6, 3, 1, 4, 5; no majority weight. F 28. 0, 5, 4, 5, 2, 0, 6, 3, 1; no majority weight. F 28. 0, 6, 4, 5, 1, 0, 6, 3, 2; no majority weight. F 30. 0, 0, 6, 4, 2, 1, 5, 0, 3; no majority weight. F 30. 0, 1, 1, 3, 6, 2, 0, 4, 5; no majority weight. F 30. 0, 2, 1, 4, 2, 0, 5, 3, 6; no majority weight. F 30. 0, 3, 2, 3, 6, 0, 5, 1, 4; no majority weight. F 30. 0, 4, 4, 6, 1, 3, 0, 5, 2; no majority weight. F 30. 0, 5, 3, 0, 6, 4, 2, 1, 5; no majority weight. F 30. 0, 6, 4, 3, 1, 0, 5, 6, 2; no majority weight.
F 31. 0, 0, 2, 3, 4, 6, 0, 1, 5; no majority weight. F 31. 0, 1, 3, 5, 6, 1, 0, 4, 2; no majority weight. F 31. 0, 2, 2, 5, 6, 4, 0, 1, 3; no majority weight. F 31. 0, 3, 0, 5, 6, 3, 2, 1, 4; no majority weight. F 31. 0, 4, 0, 5, 6, 1, 4, 3, 2; no majority weight.
F 31. 0, 5, 1, 5, 6, 4, 2, 3, 0; no majority weight. F 31. 0, 6, 1, 5, 6, 2, 4, 0, 3; no majority weight.
F 32. 0, 0, 1, 0, 5, 2, 4, 3, 6; no majority weight. F 32. 0, 1, 2, 3, 6, 5, 0, 1, 4; no majority weight. F 32. 0, 2, 6, 0, 5, 4, 1, 3, 2; no majority weight. F 32. 0, 3, 5, 0, 1, 2, 4, 6, 3; no majority weight. F 32. 0, 4, 5, 0, 4, 1, 3, 6, 2; no majority weight. F 32. 0, 5, 1, 0, 3, 2, 6, 5, 4; no majority weight. F 32. 0, 6, 5, 4, 1, 2, 0, 6, 3; no majority weight.
F 33. 0, 0, 1, 2, 3, 5, 6, 0, 4; no majority weight. F 33. 0, 1, 1, 5, 6, 3, 4, 0, 2; no majority weight. F 33. 0, 2, 4, 5, 6, 2, 1, 0, 3; no majority weight. F 33. 0, 3, 1, 0, 6, 4, 3, 2, 5; no majority weight. F 33. 0, 4, 0, 5, 6, 4, 1, 2, 3; no majority weight. F 33. 0, 5, 3, 1, 2, 5, 6, 0, 4; no majority weight. F 33. 0, 6, 6, 1, 2, 4, 3, 0, 5; no majority weight. F 37. 0, 0, 5, 0, 1, 4, 2, 6, 3; no majority weight. F 37. 0, 1, 3, 4, 6, 0, 2, 5, 1; no majority weight. F 37. 0, 2, 4, 0, 1, 3, 5, 2, 6; no majority weight. F 37. 0, 3, 3, 6, 4, 2, 0, 5, 1; no majority weight. F 37. 0, 4, 2, 3, 6, 0, 5, 1, 4; no majority weight. F 37. 0, 5, 3, 0, 6, 4, 2, 5, 1; no majority weight. F 37. 0, 6, 4, 3, 1, 0, 5, 2, 6; no majority weight.
F 38. 0, 0, 2, 3, 4, 6, 1, 5, 0; no majority weight. F 38. 0, 1, 1, 2, 3, 6, 0, 5, 4; no majority weight. F 38. 0, 2, 2, 5, 6, 4, 1, 3, 0; no majority weight. F 38. 0, 3, 0, 5, 6, 3, 1, 4, 2; no majority weight. F 38. 0, 4, 0, 1, 2, 4, 6, 3, 5; no majority weight. F 38. 0, 5, 4, 0, 1, 6, 3, 5, 2; no majority weight. F 38. 0, 6, 1, 4, 5, 6, 0, 2, 3; no majority weight.
F 39. 0, 0, 1, 3, 2, 4, 5, 0, 6; no majority weight. F 39. 0, 1, 3, 2, 4, 5, 0, 1, 6; no majority weight. F 39. 0, 2, 5, 4, 0, 1, 3, 6, 2; no majority weight. F 39. 0, 3, 0, 3, 6, 4, 2, 1, 5; no majority weight. F 39. 0, 4, 0, 4, 1, 3, 5, 6, 2; no majority weight. F 39. 0, 5, 2, 3, 0, 6, 4, 1, 5; no majority weight. F 39. 0, 6, 3, 2, 1, 5, 4, 6, 0; no majority weight.
F 40. 0, 0, 2, 5, 3, 6, 1, 4, 0; no majority weight. root pair 0 and 1: F 40. 0, 1, 1, 0, 6, 5, 4, 3, 2, ; majority weight = 0. F 40. 0, 1, 2, 1, 4, 6, 5, 0, 3; majority weight = 1. F 40. 0, 1, 0, 6, 1, 2, 4, 3, 5; majority weight = 2. F 40. 0, 1, 6, 3, 0, 5, 4, 2, 1; majority weight = 3. F 40. 0, 1, 5, 2, 3, 1, 6, 4, 0; majority weight = 4. F 40. 0, 1, 3, 4, 1, 5, 2, 6, 0; majority weight = 5. F 40. 0, 1, 5, 6, 0, 2, 3, 4, 1; majority weight = 6.
F 40. 0, 2, 6, 5, 1, 3, 2, 0, 4; no majority weight. F 40. 0, 3, 5, 2, 0, 1, 6, 4, 3; no majority weight. F 40. 0, 4, 2, 5, 0, 6, 1, 3, 4; no majority weight. F 40. 0, 5, 5, 3, 1, 2, 6, 0, 4; no majority weight. F 40. 0, 6, 0, 2, 5, 3, 6, 1, 4; no majority weight.
F 41. 0, 0, 1, 2, 3, 5, 4, 6, 0; no majority weight. F 41. 0, 1, 1, 5, 6, 3, 2, 4, 0; no majority weight. F 41. 0, 2, 0, 4, 6, 2, 3, 5, 1; no majority weight. F 41. 0, 3, 4, 6, 0, 1, 3, 2, 5; no majority weight. F 41. 0, 4, 3, 0, 1, 5, 4, 6, 2; no majority weight. F 41. 0, 5, 4, 2, 3, 1, 6, 5, 0; no majority weight. F 41. 0, 6, 6, 3, 4, 1, 5, 2, 0; no majority weight.
List 4: gg. 0, 3, 4, 6, 1, 5, 2; minority weight = 1. gg. 0, 4, 3, 1, 6, 2, 5; minority weight = 6.
hh. 0, 4, 3, 6, 1, 5, 2; minority weight = 0. hh. 0, 2, 6, 5, 4, 3, 0; minority weight = 5.
ii. 0, 4, 3, 1, 2, 5, 6; minority weight = 0. ii. 0, 4, 0, 2, 6, 1, 5; minority weight = 2. jj. 0, 5, 4, 1, 2, 3, 6; minority weight = 2. jj. 0, 0, 5, 1, 2, 3, 6; minority weight = 6. kk. 0, 5, 4, 1, 2, 6, 3; minority weight = 1. kk. 0, 0, 4, 1, 5, 6, 3; minority weight = 6. ℓℓ. 0, 3, 2, 4, 6, 1, 5; minority weight = 0. ℓℓ. 0, 3, 2, 4, 5, 1, 0; minority weight = 6.
mm. 0, 0, 3, 4, 2, 5, 1; minority weight = 6. mm. 0, 0, 3, 4, 6, 5, 1; minority weight = 2.
nn. 0, 4, 3, 5, 2, 1, 6; minority weight = 0. nn. 0, 4, 0, 5, 2, 1, 6; minority weight = 3.
List 5: T 5. 0, 3, 5, 1, 2, 4; minority labels: 0 and 6. T 5. 0, 2, 1, 4, 3, 0; minority labels: 5 and 6. T 5. 0, 1, 0, 5, 3, 6; minority labels: 2 and 4. T 5. 0, 0, 4, 5, 6, 2; minority labels: 1 and 3. 0, 4, 6, 5, 0, 1, 3, 2; minority weight = 3.
Root pair 0 and 5: 0, 5, 4, 6, 5, 1, 3, 2; minority weight = 1. 0, 5, 1, 6, 5, 4, 3, 2; minority weight = 4.
Root pair 0 and 6: 0, 6, 4, 5, 2, 3, 1, 0; minority weight = 3. 0, 6, 4, 5, 2, 6, 1, 0; minority weight = 0.
List 7: oo. 0, 4, 3, 1, 5, 2; minority weights: 2 and 6. oo. 0, 0, 2, 4, 1, 5; minority weights: 1 and 5. pp. 0, 3, 2, 1, 5, 4; minority weights: 1 and 5. pp. 0, 4, 3, 1, 6, 5; minority weights: 0 and 6. qq. 0, 3, 4, 1, 5, 2; minority weights: 1 and 2. qq. 0, 4, 3, 6, 2, 5; minority weights: 5 and 6.
rr. 0, 4, 3, 5, 1, 2; minority weights 2 and 5. rr. 0, 5, 4, 6, 2, 3; minority weights: 0 and 6. ss. 0, 3, 4, 2, 1, 5; minority weights: 1 and 2. ss. 0, 1, 2, 4, 5, 6; minority weights: 4 and 5.
tt. 0, 4, 5, 1, 2, 3; minority weights: 2 and 3. tt. 0, 2, 3, 1, 4, 5; minority weights: 5 and 6. uu. 0, 3, 2, 4, 5, 1; minority weights: 1 and 6. uu. 0, 4, 2, 5, 6, 1; minority weights: 0 and 3. vv. 0, 3, 4, 5, 1, 2; minority weights: 1 and 2. vv. 0, 4, 3, 2, 5, 6; minority weights: 5 and 6. ww. 0, 2, 3, 4, 5, 1; minority weights: 0 and 1. ww. 0, 3, 4, 5, 1, 6; minority weights: 2 and 6.
xx. 0, 1, 2, 3, 4, 5; minority weights: 0 and 6. xx. 0, 6, 0, 1, 2, 3; minority weights: 4 and 5.
List 8:
Root pair 0 and 6: 0, 6, 4, 2, 1, 0, 3; minority weights 0 and 6. 0, 6, 0, 4, 1, 2, 3; minority weights 2 and 4.
